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Preface

This document contains the program for the “Workshop on Integral Transforms, Positivity and
Applications” held in Copenhagen, September 1–3, 2010.

The workshop is sponsored by the Danish Research Council and Nordforsk.

The organising committee consists of Professor Christian Berg, Assistant professor Jacob Stordal
Christiansen both of the Department of Mathematical Sciences, Faculty of Science, University of
Copenhagen and of Associate professor Henrik Laurberg Pedersen of the Department of Basis
Sciences and Environment, Faculty of Life Sciences, University of Copenhagen. The workshop
is hosted by the Department of Basic Sciences and Environment and it takes place at the Faculty
of Life Sciences in central Copenhagen.

More information on the workshop can be found at
www.matdat.life.ku.dk/~henrikp/witpa/
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Venue

The workshop takes place at the Faculty of Life Sciences, Thorvaldsensvej 40, Frederiksberg C.

The lecture room is Auditorium 3-20, which can be found in the north end of the main building
between Thorvaldsensvej and Rolighedsvej. You should enter the building at Thorvaldsensvej
40, pass through the marble hall and continue through the main walking area, passing both the
cafeteria and the bookstore. Auditorium 3-20 is located near the other end of the building, in the
basement. There will also be signs directing you to the lecture room.
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The lecture room is equipped with a computer and beamer, so that you need only bring your
slides in preferably pdf format on an usb-disk. There is also an overhead projector and black
boards. (It is possible to use both black board and e.g. beamer at the same time.)

Registration and practical information

The registration is open from 12.00 to 14.00 and takes place in front of Auditorium 3-20. The
opening of the workshop is at 13.25 in Auditorium 3-20.

At the registration desk you will receive the book of abstracts (this document), your badge and
(in case you have indicated so) a username and password for wireless access to the internet.

Lunch can be bought in the cafeteria in the main walking area.

Coffee will be served close to the lecture room.

On Thursday we plan dinner for all registered participants of the workshop. The dinner will take
place at “Hansens Køkken og Bar”, Frederiksberg Allé 11, at 19.00. More information will be
given at the time of registration.
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Program for the workshop

The program consists of 9 invited lectures of 50 minutes and 7 contributed talks of 30 minutes
including questions. All lectures take place in Auditorium 3-20.

Wednesday, September 1 Thursday, September 2 Friday, September 3

09.00–10.00 Pérez Sinusı́a Breuer

10.00–10.30 Coffee break Coffee break

10.30–11.30 Qi zu Castell

11.30–12.00 Christiansen Pedersen

12.00–13.30 Registration and opening Lunch Lunch

13.30–14.30 Koumandos Bondesson Sasvári

14.30–15.30 Ressel Schlather

15.30–16.00 Coffee break Coffee break

16.00–16.30 Rebocho Møller

16.30–17.00 Buescu Turaev

17.00–17.30 Berg

Chairmen
Wednesday afternoon: Henrik L. Pedersen
Thursday morning: Henrik L. Pedersen
Thursday afternoon: Christian Berg
Friday morning: Jacob Stordal Christiansen
Friday afternoon: Christian Berg

The titles and abstracts of invited and of contributed talks can be found on the following pages.
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Abstracts: Invited Talks

Hyperbolically Completely Monotone Probability Densities and Functions;
A Review

LENNART BONDESSON

UMEÅ UNIVERSITY, SWEDEN

EMAIL: Lennart.Bondesson@math.umu.se

This talk focuses on hyperbolically completely monotone (HCM) functions.

A nonnegative function g(x) defined on [0,∞) is defined to be HCM if, for each fixed u > 0, the
function h(w) = g(uv)g(u/v) is completely monotone (CM) as a function of w = v + v−1, i.e.
(−1)nh(n)(w) ≥ 0, n = 0, 1, 2, . . .

The curious HCM-concept, somewhat related to logconcavity, was introduced in a booklet by the
speaker in 1992. However, its origin goes back to a paper by Thorin in 1977, where it was shown
that the lognormal probability distribution is infinitely divisible (ID), i.e. can be written, for any
integer n ≥ 2, as a convolution of n identical probability distributions. Later it was found that all
HCM probability densities f(x) on (0,∞) are ID. In fact they are not only ID, they are so-called
generalized gamma convolutions (GGC). A GGC is a limit of convolutions of gamma distributions
and has a Laplace(-Stieltjes) transform (LT) of the form

φ(s) = exp(−as+

∫ ∞
0

log(
t

t+ s
)U(dt)),

where a ≥ 0 and U(dt) (or dU(t)) is a nonnegative measure on (0,∞). The U -measure is
called the Thorin measure. The function φ′(s)/φ(s) is a Pick-Nevanlinna function, i.e. it has a
nonnegative imaginary part in the upper complex half-plane.

The class of HCM-functions is closed with respect to multiplication and multiplicative convolution.
In the talk many probability densities that are HCM (and hence ID) are exhibited. For example, a
density of the form

f(x) = Cxβ−1(1 + xα)−γ , x > 0 (0 < α ≤ 1, β > 0, γ > 0)

is HCM. A representation formula of the HCM-densities is also presented. If X and Y are inde-
pendent random variables with HCM-densities, i.e. X, Y ∼ HCM, then XY ∼ HCM, X/Y ∼
HCM, and Xq ∼ HCM for |q| ≥ 1.

Laplace transforms that are HCM are also interesting. In fact, if the LT of a probability distribution
on [0,∞) is HCM, then it is the LT of a GGC. For example, for 0 < α ≤ 1, the LT φ(s) = (1+sα)−γ

is HCM and therefore the LT of a GGC.
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The talk includes the background of all this. It ends with some open problems.

References

[1] Bondesson, L. (1992). Generalized Gamma Convolutions and Related Classes of Distribu-
tions and Densities. Lecture Notes in Statistics, No 76. Springer Verlag, New York.

[2] Steutel, F.W. and van Harn, K. (2004). Infinite Divisibility of Probability Distributions on the
Real Line. Marcel Dekker, New York.

[3] Thorin, O. (1977). On the infinite divisibility of the lognormal distribution. Scand. Actuarial J.
1977, 121-148.

Right Limits and Their Application to the Theory of Orthogonal Polynomi-
als

JONATHAN BREUER

HEBREW UNIVERSITY OF JERUSALEM, ISRAEL

EMAIL: jbreuer@math.huji.ac.il

The talk will review the concept of right limit and its various applications in the study of asymptotic
issues in the theory of orthogonal polynomials. In particular, the use of this concept as a natural
tool in the study of the essential spectrum, ratio asymptotics, weak asymptotic measures and
consequences of absolutely continuous measures, as well as other issues, will be emphasized.

Modeling similarity: positive definite kernels in applications

WOLFGANG ZU CASTELL

HELMHOLTZ ZENTRUM MÜNCHEN, GERMAN RESEARCH CENTER FOR ENVIRONMENTAL HEALTH, GER-
MANY

EMAIL: castell@helmholtz-muenchen.de

Kernel based methods have turned out to be very successful in many fields of data analysis and
pattern recognition. The intuitive idea behind these methods is the embedding of the data into a
Hilbert space. Linear approaches can be chosen within this Hilbert space, while the embedding
itself provides a way to deal with non-linearity inherent in the data.

The talk will be centered around these ideas, trying to show how the role of the kernel involved
is motivated from different points of views. Properties of the kernel will then reflect in the tools at
hand to analyse the method and derive qualitative statements concerning its performance.

6



On certain Bernstein functions and their connection with geometric func-
tion theory and estimation of trigonometric sums

STAMATIS KOUMANDOS

THE UNIVERSITY OF CYPRUS, CYPRUS

EMAIL: skoumand@ucy.ac.cy

Let Γ(x) be Euler’s gamma function and s, t be positive real numbers such that s− t 6= 1. Define

Ls, t(x) := x− Γ(x+ t)

Γ(x+ s)
xs−t+1, x > 0.

We determine conditions for the parameters s, t so that the function Ls, t(x) is a Bernstein func-
tion, which means that it is positive and has a completely monotonic derivative on (0, ∞). We
also show that some functions involving the function Ls, t(x) are completely monotonic of certain
positive order.

Our results yield the sharp inequalities

0 < x− Γ(x+ t)

Γ(x+ s)
xs−t+1 <

(s− t)(s+ t− 1)

2
, for all x > 0,

which are important for the estimation of certain trigonometric sums arising in problems of geo-
metric function theory concerning subordination and convolution of certain classes of univalent
functions. In particular, we present several sharp results on positive trigonometric sums with
coefficient sequences of the form dk = (µ)k

k! = Γ(k+µ)
Γ(µ) k! , k = 0, 1, 2 . . ., µ ∈ (0, 1) and applica-

tions to starlike functions in the unit disk D. As an additional application, we provide some new
examples of positive definite functions on Z.

We finally present some examples of starlike functions in the cut plane C \ [1, ∞) and their
relation with completely monotonic sequences and Stieltjes functions.

A survey on complete monotonicity of divided differences of polygamma
functions

FENG QI

TIANJIN POLYTECHNIC UNIVERSITY, CHINA

EMAIL: qifeng618@gmail.com

In this talk, we survey complete monotonicity of divided differences of polygamma functions
sprung in recent years, including retrospecting the origin and motivation, summarizing works and
applications, and predicting the possible and potential developments in future.
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Multi-point Taylor expansions: applications to asymptotic analysis and
boundary value problems

ESTER PÉREZ SINUSÍA

UNIVERSITY OF ZARAGOZA, SPAIN

EMAIL: ester@unizar.es

The theory of several-point Taylor expansions was formulated in 1969 by J. L. Walsh [6], show-
ing its main application in interpolation theory. In a more recent paper of J. L. López and
N. M. Temme [3], they revisit the theory of multi-point Taylor expansions obtaining new information
about it: details on the region of convergence (generalized Cassini’s disk) and on representations
in terms of Cauchy-type integrals of the coefficients and the remainders of the expansions are
given. These new results have shown to be a useful tool in the study of other important fields,
apart from interpolation problems. In this talk we will focus on the application of multi-point Taylor
expansions on asymptotic analysis and on boundary value problems:

- In deriving uniform asymptotic expansions of a certain class of integrals one encounters
the problem of expanding a function, which is analytic in some domain of the complex
plane, in two or more critical points. Multi-point Taylor expansions can be used to derive
such expansions. Orthogonal polynomials and special functions can be studied when the
variable and several parameters are large. In that case more than one or two critical
points occur that may give the main contributions to the integral, and expansions of analytic
functions at these points give the possibility of constructing new asymptotic approximations.
Different examples are presented to illustrate this application [1], [2], [3].

- Another important application of multi-point Taylor expansion is on boundary value prob-
lems. We consider second-order linear differential equations ϕ(x)y′′ + f(x)y′ + g(x)y =
h(x) in the interval (−1, 1) with Dirichlet, Neumann or mixed Dirichlet-Neumann boundary
conditions given at the two extreme points x = ±1. We consider ϕ(x), f(x), g(x) and
h(x) analytic in a Cassini disk with foci at x = ±1 containing the interval [−1, 1]. The two-
point Taylor expansion of the solution y(x) at the extreme points ±1 can be used to give a
criterion for the existence and uniqueness of the solution of the boundary value problem.
This method is constructive and provides the two-point Taylor approximation of the solution
when it exists. The method can be generalized to differential equations of higher degree
or multi-point boundary value problems for which the number of boundary points is greater
than the order of the ordinary differential equation. Some of these possible situations are
discussed and different examples, included special functions, considered in [4] and [5].

References

[1] J. L. López and E. Pérez Sinusı́a, Two-point Taylor expansions in the asymptotic approxima-
tion of double integrals. Application to the second and fourth Appell’s functions, J. Math. Anal.
Appl., 152 (2004), 29–41.
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[2] J. L. López and N. M. Temme, Two-point Taylor expansions of analytic functions, Stud. Appl.
Math., 109(4) (2002), 297–311.

[3] J. L. López and N. M. Temme, Multi-point Taylor expansions of analytic functions, Trans. Amer.
Math. Soc., 356 (2004), no. 11, 4323-4342 (electronic).

[4] J. L. López, E. Pérez and N. M. Temme, Multi-point Taylor approximations in one-dimensional
linear boundary value problems, Appl. Math. Comput., 207 (2009), 519–527.

[5] J. L. López and E. Pérez, Two-point Taylor expansions and one-dimensional boundary value
problems, To be published in Math. Comput..

[6] J. L. Walsh, Interpolation and Approximation by rational functions in the complex domain,
American Mathematical Society, Providence, 1969.

Monotonicity properties of multivariate distribution and survival functions
with an application to Lévy-frailty copulas

PAUL RESSEL

UNIVERSITY OF EICHSTÄTT, GERMANY

EMAIL: paul.ressel@ku-eichstaett.de

The monotonicity properties of multivariate distribution functions are definitely more complicated
than in the univariate case. We show that they fit perfectly well into the general theory of com-
pletely monotone and alternating functions on abelian semigroups. This allows proving a cor-
respondence theorem which generalizes the classical version in two respects: the function in
question may be defined on rather arbitrary product sets in n-space and it need not be grounded,
i.e. disappear at the left.

In 2009 a highly interesting class of copulas was discovered by Mai and Scherer, connecting in
a very surprising way complete monotonicity w.r.t. the maximum operation on n-space and w.r.t.
ordinary addition on the non-negative integers. We give another proof of this result, requiring
much less combinatorial effort.

Selected topics on positive definite functions and their applications

ZOLTÁN SASVÁRI

TECHNICAL UNIVERSITY OF DRESDEN, GERMANY

EMAIL: Zoltan.Sasvari@tu-dresden.de

In the present talk we will speak about some selected topics from the theory of positive definite
functions, their generalizations and their applications to probability and statistics. The topics
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include the extension problem, covariance functions of stationary processes, functions with a
finite number of negative squares and their connection to intrinsically stationary processes.

The use of positive definite functions in spatial statistics

MARTIN SCHLATHER

UNIV. GÖTTINGEN, GERMANY

EMAIL: schlather@math.uni-goettingen.de

Positive definite functions appear in spatial statistics as covariance functions for random fields.
Random fields are models for quantities that can be measured all over the space, e.g. tem-
perature. Fundamental for the theoretical and applied work in spatial statistics is Kolmogorov’s
existence theorem which implies that the set of translation invariant covariance functions in Rd is
identical to the set of positiv definite functions in Rd.

In this talk we give an introduction to random fields in Rd and their connection to positive definite
functions, including path properties. We will also give examples of current developments, such
as spatio-temporal models, multivariate models or non-Gaussian random fields.
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Abstracts: Contributed Talks

On the positive definiteness of the family of functions

ϕs,α(x) = cos(s
√
x2 + 2iαx− 1)

CHRISTIAN BERG

UNIVERSITY OF COPENHAGEN, DENMARK

EMAIL: berg@math.ku.dk

The Bessis-Moussa-Villani conjecture states that for arbitrary hermitian n×n-matrices A,B, the
function tr (exp(A + ixB)) is positive definite on the real line. So far the conjecture has only
been proven for 2 × 2-matrices, but several equivalent formulations are known. Bożejko used
certain 2 × 2-matrices to prove that the functions above are positive definite for arbitrary real
s and −1 ≤ α ≤ 1 but did not find the positive measure in the Bochner representation of the
functions. In the talk we shall give an independent proof of the positive definiteness together with
the representing measure.

Differentiability and analyticity of positive definite functions

JORGE BUESCU

UNIVERSITY OF LISBON, PORTUGAL

EMAIL: jbuescu@ptmat.fc.ul.pt

We derive a set of differential inequalities for positive definite functions based on previous results
derived for positive definite kernels by purely algebraic methods. Our main results show that the
global behaviour of a smooth positive definite function is, to a large extent, determined solely by
the sequence of even-order derivatives at the origin: if a single one of these vanishes then the
function is constant; if they are all non-zero and satisfy a natural growth condition, the function is
real-analytic and extends holomorphically to a maximal horizontal strip of the complex plane.

This is joint work with A. Paixão.

On the m-function for measures on infinite gap sets

JACOB S. CHRISTIANSEN
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UNIVERSITY OF COPENHAGEN, DENMARK

EMAIL: stordal@math.ku.dk

In the theory of orthogonal polynomials a key role is played by the m-function (or the Stieltjes
transform). In the talk I’ll consider orthogonal polynomials on infinite gap sets and discuss a
factorization of m relevant to spectral theory and in particular to Szegő’s theorem. If time allows,
properties of the equilibrium measure will be discussed too.

Characterization of pair correlation functions for spatial point processes -
open problems

JESPER MØLLER

AALBORG UNIVERSITY, DENMARK

EMAIL: jm@math.aau.dk

A spatial point pattern is a countable subset of Rd. We model this as a realization of a spatial
point process. The first and second order properties of a spatial point process are specified by
the intensity function and the pair correlation function. It is well-known that any non-negative
Borel function defined on Rd is the intensity function of some spatial point process model (e.g.
a Poisson process), while it is an open problem to characterize the class of all possible pair cor-
relation functions. Another open problem is whether there exists a class of spatial point process
models whose distributions are uniquely characterized by any possible intensity and pair corre-
lation functions. As these problems may be hard to solve in general, one may first try to consider
specific classes of spatial point process models and formulate similar problems. The talk starts
with a brief introduction to spatial point process theory, and continues with examples of pair corre-
lation functions for the three most important classes of models, namely Poisson point processes,
Cox processes, and Gibbs point processes. Further background material can be found in Møller
and Waagepetersen (2004, 2007) and the references therein.

J. Møller and R.P. Waagepetersen (2004). Statistical Inference and Simulation for Spatial Point
Processes. Chapman and Hall/CRC, Boca Raton.

J. Møller and R.P. Waagepetersen (2007). Modern statistics for spatial point processes (with
discussion). Scandinavian Journal of Statistics, 34, 643-711.

Nevanlinna-Pick functions related to the gamma function and the volume
of the unit ball in Rn

HENRIK L. PEDERSEN

UNIVERSITY OF COPENHAGEN, DENMARK
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EMAIL: henrikp@life.ku.dk

The volume Ωn of the unit ball in Rn can be expressed in terms of Euler’s gamma function Γ:

Ωn = πn/2/Γ(1 + n/2).

The related sequence {Ω1/n logn
n } tends to 1/

√
e as n tends to infinity due to Stirling’s formula.

Investigation of further properties of this sequence leads to an investigation of the function

f(x) =

(
πx/2

Γ(1 + x/2)

)1/x log x

.

We show that f(x + 1) is a completely monotonic function and hence that {Ω1/(n+2)n log(n+2)
n+2 }

is a Hausdorff moment sequence.

The function Fa defined as

Fa(z) =
log Γ(z + 1)

z log(az)

plays an important part in these results. We show that Fa is a Nevanlinna-Pick function, i.e.
has non-negative imaginary part in the upper half plane, when a ≥ 1 and obtain from this the
properties of f(x+ 1).

This is joint work with C. Berg.

Rational sum perturbation of Hermitian linear functionals

MARIA DAS NEVES REBOCHO

UNIVERSITY OF BEIRA INTERIOR, PORTUGAL

EMAIL: mneves@@ubi.pt

This talk concerns linear spectral transforms of a Hermitian linear functional such that the cor-
responding Toeplitz matrix is the result of modifying p ≥ 1 subdiagonals of the initial Toeplitz
matrix, by the addition of constants. We analyse the functionals defined by ũ = u + RL, where
u is a given quasi-definite Hermitian linear functional defined in the linear space of Laurent poly-
nomials, R is a rational function, and L is the Lebesgue functional. The quasi-definite character
of ũ is studied, and the representation of the sequences of orthogonal polynomials with respect
to the new linear functional ũ in terms of the sequences of orthogonal polynomials with respect
to u are obtained.

This is joint work with A. Branquinho.

Integral Representations for some hypergeometric Exton functions
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MAMASALI TURAEV

DONGGUK UNIVERSITY, REP. OF KOREA

EMAIL: mturaev@dongguk.ac.kr

Several Euler types of integral representations with the special functions in the kernel are derived
for Exton hypergeometric functions in this talk.
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List of Registered Participants

These are the people registered for the workshop. An asterisk in front of the name indicates that
the participation is not confirmed.
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15. ∗ Mezlini, Kamel Faculté des Sciences de Tunis, Tunisia
kamel.mezlini@yahoo.fr

16. ∗ Moncef, Dziri Faculty of Sciences of Bizerte, Tunisia
moncef.dziri@iscae.rnu.tn

17. Møller, Jesper Aalborg University, Denmark
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qifeng618@gmail.com
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